I. INTRODUCTION
In his seminal paper [1] , John Bell proved that, under certain assumptions, there exist predictions of quantum theory incompatible with those of any physical theory described by a Local Hidden Variable (LHV) Model [2] [3] [4] . Roughly speaking, these are models in which outcomes of spacelike separated measurements are independent conditionally on the knowledge of an underlying hidden variable. Bell's key contribution was to show that LHV models must satisfy certain linear inequalities on joint probabilities that are now called Bell Inequalities, which quantum mechanics might violate. This is one of most important results in quantum physics [5] so far, with deep implications to our knowledge of the world [6] [7] [8] and growing interest in practical applications [4, 9, 10] . It is thus natural to ask how difficult it is to construct a quantum experimental setup that violates one of these inequalities [11] [12] [13] [14] [15] .
The present paper answers one variant of that question. Using probabilistic techniques [2, 3, [16] [17] [18] [19] [20] [21] [22] , and generalizing previous results of the authors in [23] , we are able to find an upper-bound for the typical behaviour of optimal violations for any Bell scenario Γ = (N, m, v). We also discuss the effect of the size of the local dimension d [16] on the probability that a N-partite d-dimensional quantum system violates any Bell inequality associated with this scenario. We find that, under some conditions, typical pure states do not produce large violations of Bell inequalities, in spite of the fact that they are likely to be highly entangled [3, 4] . This apparent paradox sheds light on the important difference (not always made clear) between the concepts of entanglement [24] and Bell non-locality [4] .
The paper is organized as follows. Section II is devoted to set up some notation and definitions that will be used in the remainder of the paper. In Section III we discuss our main result, in the form of Theorem 1, and its consequences. In Section IV and Section V we give all key ingredients necessary to prove our main theorem. Section VI presents open questions, further works as well as our conclusions.
II. BELL INEQUALITIES A. Basic Definitions
As our starting point in the paper, we consider multipartite device-independent, or black-box, scenarios [4, 25] . That is, we consider a general correlation scenario, denoted by Γ := (N, m, v).
(
The triple Γ describes a scenario with the following characteristics:
• N black-boxes are distributed among N players;
• each of these boxes admits m different inputs; and
• for each input, among all v possible distinct outputs, only one outcome is observed given that choice of input [26] .
Without having direct access to all internal details of each box, the best description one has for Γ is through the correlations among inputs and outputs. This means that such experimental scenarios should be described by a vector, p ∈ R (vm) N usually called behaviour [4, 27] . The components of such a vector are given by numbers
corresponding to the joint probability of obtaining the outcome list
An admissible behaviour is a vector p ∈ R (mv) N that satisfies the following constraints:
We let B Γ denote the set of all admissible behaviours associated with the correlation scenario Γ = (N, m, v).
B. Non-Signalling and Local Hidden Variable Constraints
A behaviour p ∈ B Γ satisfies the non-signaling constraint when for all choices of subsets I ⊂ [N], say I = {i 1 , ..., i k }, one has
for all possible inputs (x 1 , ..., x N ) and (x 1 , ..., x N ) with x i 1 = x i 1 , . . . , x i k = x i k . The set of all such behaviours is denoted by N S . We say that a behaviour p ∈ R (vm) N admits a local hidden variable (LHV) model when there exists a probability space P = (Ω, Σ, µ), and response functions
such that, for every input and output one has [28] :
The set of all behaviours p ∈ B Γ which admit a LHV model is called local set and denoted by L . Notice that any admissible behaviour which admits a LHV model also satisfies the non-signalling constraints. In other words, the set of LHV models is contained inside the set of non-signalling behaviours.
In this paper we only consider scenarios in which the number of parts, the number of inputs and the number of outcomes are all finite. Therefore, we can assume [4] that the underlying probability space is also finite, and both L and N S are polytopes [29, 30] , the former with number of vertices a = v mN and affine dimension D = (mv) N .
C. Bell Inequalities (with bounded coefficients)
A Bell inequality is defined through a linear functional T acting on a behaviour p:
where T a 1 ,...,a N |x 1 ,...,x N are real numbers. Defining
are tight Bell inequalities, in the sense that they are satisfied by all local behaviours and, in addition, there exists at least one local behaviour saturating each bound. For the sake of simplicity in defining the degree of violation of such inequalities (see Eq. 24 below), but without loss of generality, we assume throughout the paper that
We denote the set of all linear functionals defining Bell inequalities (for a fixed scenario) by T . For any b > 0, we denote by T b the subset of T where all coefficients (components of the linear functional) are bounded by b, that is
One the one hand, whatever the value that b assumes, T b will always be a proper subset of T . Indeed, due to the constraints satisfied by the components of behaviours, one can insert terms with arbitrarily large coefficients to the functional (8) without ever altering its value on behaviours.
On the other hand, as we will argue below, using again these same constraints, one can show that every Bell inequality (9) and (10) defined by a functional is equivalent [31] to one whose functional only has non-negative coefficients and belongs to T 1 . This possibility is often tacitly assumed [32] [33] [34] [35] [36] [37] and many notable inequalities are of this kind. For instance, all three [38] pentagonal Bell inequalities
as well as a symmetric version of the simplest tight Bell inequality (after CHSH) violated by quantum theory [39] [40] [41] :
are examples of it (upon normalizing the classical bound). In addition, recently the authors in [32] [33] [34] have made a heavy use of the fact that any Bell inequality can be rewritten as an equivalent inequality with positive coefficients lying in T b , with b > 0. Starting from a Bell inequality with positive coefficients they associate a graph G representing that inequality. Each event is associated with a vertex, and two vertices are connected whenever their underlying events are exclusive [34] . The weight of each vertex in that representation being given by the positive coefficient associated with the underlying event in the Bell inequality. Having constructed such a weighted-graph, the authors have shown that i) the classical bounded for the original inequality is given by α(G ) the independence number of G , that ii) the maximal quantum violation is ϑ (G ) the Lovász number of G , and that iii) the maximum value admissible for more general probabilistic theories is α * (G ) the fractional-packing number of G . It shows that such rewritings are not only aesthetic tricks, they do have provided fruitful results for the analysis of violations of Bell inequalities.
Indeed, suppose we are given a Bell inequality (9) and assume ∆ u > 0. If
for each element (a 1 , ..., a N , x 1 , ..., x N ) ∈ I we can use the fact that probabilities are normalized to write
and change all terms with negative coefficients appearing in Eq. (9) by a sum of terms with positive coefficients plus some negative constants. Leaving all terms with probabilities on the l.h.s of the inequality and all constants on the r.h.s, the new inequality has classical bound
Dividing both sides by Θ, we obtain an inequality
whose coefficients are non-negative and, therefore, bounded by 1 (otherwise it would be possible to construct a LHV theory violating the inequality). A similar trick can be done if ∆ u < 0 and to inequality (10) .
D. Degree of violations by quantum states
A test of a Bell inequality (9) or (10) can be designed for a quantum system by choosing m POVM's with v outcomes,
We denote by A the collection of these POVM's and define the so-called Bell operator
Moreover, we denote by A the set of all possible POVM's choices for a fixed scenario and N-fold tensor product of Hilbert spaces. A (possible) violation for the Bell inequality is then evaluated through the function:
Whenever |Q(|ψ , T, A)| > 1 one of Bell inequalities with coefficients T is violated by the local measurements described by A. For that reason, it makes sense that the degree of violation [2, 3, 18, 19] should be defined by the quantity
It will be crucial for our results the bounds on quantum violations of Bell inequalities found by Loubenets in [3] , which guarantees that
for all T and A associated with a fixed scenario, and all |ψ of any N-fold tensor product Hilbert space.
III. SMALL PROBABILITIES OF HIGH VIOLATIONS
It is already known [3, 4, 19] that if either the local dimension d of each quantum system, or the number N of parts, is sufficiently large, then typical quantum states are highly entangled. Should we expect, then, that typically there will be at least one Bell inequality that is greatly violated? Our main objective in the present work is, then, to approach the following question:
given a typical pure state |ψ composed by N d−dimensional quantum systems, what should one expect for its largest possible violation over all relevant Bell inequalities in a given scenario Γ = (N, m, v)?
In our framework, optimal violations (if any) of Bell inequalities exhibited by a quantum state |ψ ∈ (C d ) ⊗N are given by the functional (see Eq. (23)):
where the supremum is taken over all quantum implementations of all Bell inequalities whose coefficients are uniformly bounded by b. Remark: Our restriction to optimize the violations over T b has basically a technical motivation: we need to assume it in order to successfully apply our techniques. On the one hand, as we have pointed out in Sec II C, it holds that for any fixed b > 1, every possible Bell inequality is equivalent to one obtained by a functional in T b . At first sight this fact apparently makes irrelevant our restriction. On the other hand, for a fixed quantum state, its optimal degree of violation may be different even for two equivalent Bell inequalities (as one can test on simple examples). We do not know, for instance, how to rule out the existence of a family of pure quantum states for N parties whose optimal violations only takes place on Bell inequalities whose coefficients becomes arbitrary large with N. The fact is we are not sure of such a restriction to bounded coefficients is relevant or not. However, even if it is, we recall from the discussion in section II C that we still would be able to encompass a huge class of relevant Bell inequalities. Now, if |ψ is a point of a sample space, since V opt is a function of |ψ we can consider it as a random variable. Formally, what we would like to estimate is the distribution function of such variable, that is:
It is known [42, 43] that any entangled N-partite pure state violate some Bell inequality. Since these states have full measure on the sphere of pure states, its is clear then that P(V opt > c) = 1 for c ≤ 1. For arbitrary c > 1 we have our main result:
Let |ψ ∈ C d ⊗N be a unit vector distributed according to the uniform measure in the sphere S 2d N −1 of C d ⊗N , then:
for any b, δ > 0, c > δ + 1.
This theorem allows us to answer the question posed at the beginning of this section negatively. A typical state |ψ composed by N d-dimensional quantum systems, with N and/or d large enough, does not exhibit a significant degree of violation for any Bell inequality (with uniformly bounded coefficients).
In fact, note that it is possible to rewrite Eq. 28 as follows (see Appendix A):
Now, on the one hand, if the local dimension d of each subsystem satisfies
and if in addition the uniform bound b is not too large, e.g. if
then the fifth term in brackets dominates all other terms. So, we are left with:
super-exponentially fast as N → ∞. Consequently:
if the local dimension d of a N-partite quantum system satisfies d > mv(2m − 1) 2 , then, for large N, the vast majority of pure states will not violate any Bell inequality with bounded coefficients to any significant degree.
On the other hand, assume that N ≥ 3 and that all parameters, except d are fixed. Hence, as d becomes arbitrarily large, we also see from Eq. (29) that the probability of finding a violation goes to zero. Putting into words:
for any N ≥ 3, if the local dimension d is large enough, the vast majority of pure states will not violate any Bell inequality with bounded coefficients to any significant degree.
To sum up, we can formally state: 
b) If N the number of parts satisfies N ≥ 3, then:
So, in spite the fact that typically any N-partite pure state, with large N and/or d, is highly entangled, the typical value of the Bell violation is extraordinarily small.
IV. THE PROOF A. Idea of the proof
We first decompose the event {V opt > c} into a union of pieces corresponding to each possible choice of POVM's and Bell inequality coefficients, as well as in violations from above and violations from below. This gives:
The first equality comes from the fact that the events considered are the same. In the disjoint in the r.h.s of Eq. (35), the fact that Q is linear in T guarantees that the two events have equal measure, which gives the second equality. Even though the event appearing on (36) is given by an infinite union of sets, the strategy is to replace it by a finite union without, however, changing too much its probability. This replacement is done trough suitable ε-nets for A and T . We then just apply the union bound, together with a uniform bound on the probability distribution for the degree of violation for any fixed inequality with functional T and measurement settings A. This strategy results in the bound of Theorem 1 which has two terms as distinguished below:
The term (A) in Eq. (37) is just an estimate of the number of points of the ε−net. Term (B) is the uniform bound mentioned above. It results basically from Lévy's lemma [44] together with a pair of results on the smoothness of the Q function.
B. Some lemmas
Note that Q(|ψ , A, T ) is a function of three variables: i) |ψ , belonging to a sample space, ii) A ∈ A , which can be conveniently seen as an element of a metric space, as we are going to discuss later on subsequent subsections, and iii) T ∈ T also belonging to a suitable metric set.
The first step is show the possibility of replacing the infinite sets A and T by finite "representative" subsets of them, without changing much the optimal violation. This can be made precise by the following lemma.
Lemma 3. Let ϕ : Ω × M → R be such that Ω is a sample space and M a metric space. For a given δ > 0, suppose that there exists a finite M δ ⊆ M such that for every x ∈ M there is x ∈ M δ where |ϕ(ω, x) − ϕ(ω, x )| < δ for every ω ∈ Ω. Then, for every c > 0, with c − δ > 0, we have
Proof. Take ω * ∈ Ω such that sup x∈M {ϕ(ω * , x)} > c. There exists then a x ∈ M with ϕ(ω * , x) > c. Replacing x by some x ∈ M δ with |ϕ(ω * , x) − ϕ(ω * , x )| < δ , we obtain ϕ(ω * , x ) > c − δ . Therefore, we have the following set inclusion.
The lemma now follows from a union bound on the set on the right hand side of the inclusion. For our problem we will construct such a finite set based on an ε-net [21, 45] of a hypercube. Letting ||x|| ∞ = max i=1,..n |x i |, for x = (x 1 , ..., x n ) ∈ R n , we can state the following: Lemma 4. Given n ∈ N, a subset X of [−1, 1] n and 0 < ε < 1, there exists a finite subset N ε ⊂ X such that for every x ∈ X there exists x ∈ N ε with ||x − x || ∞ < ε. Moreover,
Proof. Let l = 1/ε be the smallest integer greater than 1/ε. We can see the whole hypercube as the union of small hypercubes
where j k ∈ {−l, −l + 1, ..., −1, 0, 1, 2, ..., l − 1}. Note that their edges have length 1/l, so two points a, b inside them satisfy ||a − b|| ∞ ≤ 1/l = 1/ 1/ε ≤ ε. Whenever X h j 1 ,..., j n = / 0 take a single point x j 1 ,..., j n of X in that intersection, and let N ε be the collection of such points. It is indeed finite and its number is at most the total number of small hypercubes, |N ε | ≤ (2l) n < (2/ε + 2) n . Take now arbitrary x ∈ X. Since X ⊆ [−1, 1] n , x belongs to some small hypercube h j 1 ,..., j n , for some choice of indexes { j 1 , ..., j n }. If we take the single x j 1 ,..., j n ∈ N ε in that hypercube, we have ||x − x j 1 ,..., j n || ≤ ε, since both x and x j 1 ,..., j n belongs to h j 1 ,..., j n .
With Lemma 4 in our hands, we have immediately (see Fig. 1 ):
for all x, x ∈ X. Given δ > 0 there exists a set N δ /λ ⊂ X with number of elements bounded by (2λ /δ + 2) n such that for every x ∈ X, there is x ∈ N δ /λ with |g(x) − g(x )| < δ .
Finally, we shall use Lévy's Lemma (see [44] ):
Lemma 6. For every ε > 0, D ≥ 1 integer and F : S D → R a real-valued function with Lipschitz constant Λ (w.r.t the Euclidean distance), the following inequality holds true:
where P denotes the uniform probability measure on the D−dimensional unity sphere S D . Here we are showing an arbitrary choice of a point x −1,0 ∈ N ε , given x ∈ X, such that |g(x) − g(x −1,0 )| < ε (colours online).
V. PUTTING ALL TOGETHER
Now, take a function ϕ as in Lemma 3. Assume that M = [−1, 1] n and there exists a λ > 0 such that |ϕ(ω, x) − ϕ(ω, x )| ≤ λ ||x − x || ∞ for all ω ∈ Ω and x, x ∈ [−1, 1] n . Given c > δ > 0, we can use Lemma 3 and Corollary 5 to show that:
Let us assume additionally that Ω = S D for some D ∈ N, that E[ϕ(·, x)] ≤ 1 for all x ∈ M, and that there exists non-negative Λ ∈ R such that
with |ω − ω | being the Euclidean distance on the sphere. That is, ϕ is Lipschitz with with respect to ω, with Lipschitz constant Λ independent of x. These assumptions allow us to apply Lévy's Lemma, and bound the probability appearing on the r.h.s of Equation (43) in order to get, for all c > δ + 1, the bound:
We now come back to the setting of Theorem 1. We apply (45) to the events in Eq. (36) . We set ϕ = Q, ω = |ψ and x = (T, A), that is, M = T × A . The set of pure states |ψ is a sphere S D with D = 2d N − 1. Moreover, an upper bound for the mean value of Q follows straightforwardly from the fact that the expectation E[Q(|ψ , T, A)] corresponds to replacing |ψ with the maximally mixed state, with which the Bell inequality is certainly satisfied:
In order to apply our tools, we will parametrize T × A by a subset of [−1, 1] n , for some n, and find λ and Λ as described above. We will then obtain the bound:
In the following subsections we i) show the existence, and ii) obtain an estimative for the values of n, λ , Λ, which, inserted on the above expression, provides the proof of Theorem 1.
A. Bounding the Lipschitz constant of Q (estimating Λ)
In order to show that the functional Q is Lipschitz with respect to |ψ , firstly note that:
Here B T,A stands for the usual operator norm, and (48c) follows from von Neumann's trace inequality [46] plus Hölder's inequality. The bound for the Bell operator in (48e) follows from the fact that it is self-adjoint and Eq. (25) . Therefore, a Lipschitz constant for Q is
B. Variation of Q with A and T (finding n and λ )
Variation of Q with measurements A
Now we proceed to estimate how the function Q(ψ, T, A) varies when we change the local operators describing the measurements at each site, for fixed linear functional T . We will describe this set of operators as a subset of an appropriate hypercube.
Given two families A,Ã ∈ A of local operators, one has:
Note that in (50c) we use that all POVM elements have norm bounded by one. In (50d) we use the fact that
, we have:
Recall that the set of POVM operators in a given local Hilbert space has (real) dimension d 2 , the same for the set of Hermitian operators acting on that space. Indeed, if we fix an orthonormal basis {|i } d i=1 , we can write a POVM element as Π = ∑ d i, j=1 α i j |i j| for some complex coefficients α i j . Collecting the real and imaginary parts of these coefficients, and using that Π is self-adjoint, we get d 2 independent real parameters, which we can align on a 
and the distance
Finally, from (53) and (51), we obtain the following inequality:
Variation of Q with coefficients T
We now estimate how much the function Q changes when one varies coefficients in T , i.e. fixed a pure state |ψ , and a choice of local measurements A ∈ A we would like to know the behaviour of |Q(ψ, T, A) − Q(ψ,T , A)| with T andT . One has: 
We immediately see that we can define n = d 2 mvN + (mv) N . Moreover, we have:
The last inequality allows us to set λ = 4Nb(mv) N d 2 .
VI. CONCLUSION
We have shown that for any fixed correlation scenario Γ = (N, m, v) there exists an upper bound (see Eq. 28) for the typical violation that an N−partite pure state with local dimension d can exhibit. In particular, we have proved that, if the local dimension d is large enough relative to the complexity of the Bell scenario [18, 21, 47] , then significant violations become extremely rare as N increases. More precisely, given a correlation scenario Γ = (N, m, v), if
then the probability of finding any significant violation of a Bell inequality whose coefficients are uniformly bounded [48] is extremely small for any δ > 0. That is:
super-exponentially fast. This generalizes previous results by two of the present authors [23] . In addition, also surprisingly, we also have shown that if the number of parts is greater than two, then as the local dimension d goes to infinity, we also have the same behaviour for the probability of finding any significant violation, i.e.:
We note that the typicality arguments used here and in [23] are essential to several other results in quantum information theory [16, 17, 19, 21, [49] [50] [51] ) Remarkably, our result stands in contrast with the fact that entanglement becomes typically large in the same limits of N → ∞ or d → ∞ we are taking. This further suggest that entanglement, though necessary, is not sufficient to explain non-local effects in quantum physics.
We now argue that the dependance of our result on the local dimension d is an essential feature of this kind of problem. In [16] the authors showed that, for correlation scenarios Γ = (2, m, 2), the typical behaviour of local correlations can be quite different depending on the value of d/m. Depending on how this ratio behaves, one may obtain (asymptotically in m) that correlation matrices do or do not display quantum effects. On the other hand, in our setting we are optimizing over all possible POV M's. Therefore, it should be expected that in any contextuality scenario high violations of contextuality inequalities might be typical. If true, this is another significant difference between these two distinct situations [32] [33] [34] 52] .
Our approach is very general, in that it encompasses a large class of Bell inequalities. However, if arbitrary coefficients are allowed, it remains open whether a similar result would hold. Based on recent work [17] we believe that for general correlation scenarios Γ = (N, m, v) it is possible to get rid of the uniformly boundedness requirement.
To conclude, we point out that our result also has implications in the context of the classical-to-quantum transition problem. As discussed firstly by Pitowsky (see [30] ), there is an apparent contradiction between the fact that, on the one hand, multipartite pure quantum states rarely admit LHV models, since they always violate some Bell inequality [53] ; and, on the other hand, the fact that in the macroscopic world such models are actually the rule. One way out of this is to invoke decoherence and claim that actual macroscopic systems should be described by highly mixed states, so that non-local correlations are not visible. Our result allows us to explain the same phenomenon from the (static) perspective of experimental feasibility. Indeed, even if a pure state is a good description for the macroscopic system, a typical state requires very intricate and sharp Bell test experiments in order to detect non-local correlations. This seems to be inconceivable in practice [11] [12] [13] .
